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Abstract
Experimentally observed crack deflection events in multi-layered material systems, occurring
even under pure mode-I loading, are here simulated and explained through elasto-plastic finite 
element modelling. The crack tip opening displacement is adopted as the crack driving force and 
estimated along crack paths whose deflection is predicted using the maximum tangential strain
criterion. Shielding conditions that promote deflection and bifurcation are evaluated. It is shown 
that, under conditions of extended plasticity, CTOD evolution as a crack approaches an interface 
can reveal crack shielding and amplification, and that crack deflection and growth can be 
assessed from the variation of tangential strains around the crack tip.
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21. Introduction
Fatigue failure has been studied extensively to prevent components of engineering systems 
from going prematurely out of service or causing damage to the whole system. More demanding 
service conditions have been met with the introduction of tougher materials and complex 
architectures but they have also resulted in more severe plastic deformation around existing or 
fatigue-initiated flaws in the component. Such new material systems are encountered in 
automotive plain bearings where they provide a compromise between various design 
requirements such as load capacity, size and energy efficiency. 
The complex crack growth patterns observed in multi-layer architectures has been attributed 
to the mismatch of mechanical properties between layers. Through-thickness cracks approaching
a stiffer layer appeared to deflect along single-tip or bifurcated paths under service conditions. 
Similar behaviour has also been observed in multi-layered systems under cyclic three-point 
bending [1, 2] despite the absence of far-field mixed-mode loading conditions. The study of 
cracks subjected to large scale yielding (LSY) conditions requires the use of crack driving force 
(CDF) parameters, which should be valid beyond the scope of linear elastic fracture mechanics 
(LEFM). The J integral [3] and crack tip opening displacement (CTOD) [4] have been used to 
evaluate the crack growth potential of stationary [5-7] and fatigue cracks [8] in diverse materials 
under elasto-plastic conditions. 
Pioneering studies by Suresh et al [9] and Sugimura et al [10, 11] investigated shielding and 
anti-shielding effects on the crack growth rate of plastically mismatched layers when the crack 
tip approached a stiffer or more compliant layer, respectively. Experimental and numerical 
3studies by Joyce et al [1] on material systems consisting of steel and aluminium alloy layers
under three-point bending corroborated previous shielding and anti-shielding observations and 
reported that, as the crack tip approaches a stiffer layer, CDF values increase with the deflection 
angle of bifurcated crack paths. Jiang et al [12] also observed shielding and anti-shielding trends
in plastically mismatched steels subjected to four-point bending tests; they did not, however,
report bifurcated or single-tip deflection as the crack tip approached a stiffer layer, attributing 
this effect to the presence of negative T stress.
Crack deflection has been extensively studied in both brittle and ductile materials [13-16]. 
Bifurcation has also been widely studied in brittle materials [17-20] where shielding appears
more consistently. It has however received less attention in multi-layered architectures composed 
of ductile materials [21-23]. Factors promoting bifurcation such as compressive residual stresses 
[18-20] and dynamic instability [24, 25] have been investigated leading to critical conditions for 
each particular case.
Various schemes have been introduced for extending and automatically predicting crack 
growth in two-dimensional fracture and fatigue analyses based on FE. Re-meshing crack 
extension schemes [26, 27] have been shown to be well suited for such tasks, which can be 
performed at a reasonable computational cost. Three-dimensional FE crack growth analyses
showed [28, 29] that re-meshing schemes can be used efficiently on problems with complex 
geometries and loading conditions. Other schemes involving node release [30] and cohesive 
elements [31] were shown to improve computational efficiency in general terms and facilitate the 
inclusion of stress history but they suffer from a certain mesh bias. Recent developments [32] on 
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where and when the maximum principal stress reaches the proportional limit. 
Several criteria [13, 15-17] have been shown to predict crack deflection in agreement with
experimental results under monotonic loading, small scale yielding and mode-I dominant,
mixed-mode loading conditions. Of special interest is the difference observed between the 
propagation paths under monotonic and cyclic loading described by Mageed and Pandey [33]
and Qian and Fatemi [34]. A uniformly consistent criterion for any loading condition has not 
been established and most of the applications of such criteria with FE analyses have been carried 
out using closed-form, near-tip solutions derived from elastic analyses. There is a prospect
therefore for further investigation of deflected paths within the scope of elastic plastic fracture 
mechanics (EPFM) through numerical analysis.
As pointed out already, the study of the crack shielding observed in multi-layered 
architectures has been addressed previously by many authors. However, the consequences of
shielding, that is, crack deflection and bifurcation, have not been investigated to a great depth. At 
the same time, the search of a rational criterion for determining the bifurcation point along a 
crack in ductile layers provides an opportunity for further development work.
The issues raised above are addressed in this paper. CDF evolution is analytically investigated
for stationary and incremented cracks in multi-layer systems with mechanical properties 
mismatch that are subjected to loads causing large-scale yielding. The state of strain and stress 
around the crack tip is also studied to search for the conditions that promote crack deflection and 
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in FE crack extension modelling is preceded by the step-by-step determination of the deflected 
path followed by the crack using a validated deflection criterion.
2. Methodology
The study of propagating cracks in multi-layered systems under large scale yielding 
conditions is based on two-dimensional FE analyses and appropriate fracture mechanics concepts 
and methodology. Quasi-static simulations of crack growth are achieved by estimating the state 
of stress around the crack tip and the CDF parameter for straight and deflected crack paths.
This work is mainly concerned with crack deflection as a consequence of shielding; for this 
reason, various path deflection criteria are first assessed through two-dimensional FE simulations 
of and comparisons with the fracture and fatigue experiments carried out by Mageed and Pandey 
[33]. The crack shielding and deflection study itself is based on FE simulations of three-point 
bending tests and is carried out in two main stages. Initially, crack shielding and amplification is 
assessed for straight stationary cracks of variable length under pure mode-I loading that approach 
either stiffer or more compliant layers. This stage is similar to earlier investigations on shielding 
and amplification cited in the Introduction apart from the extent of plasticity and the use of 
CTOD as the CDF parameter. The second stage is concerned with the consequences of shielding 
and amplification and it addresses this issue in two ways. The first is concerned with the
possibility of an initially straight crack under pure mode-I loading propagating along a single 
deflected path according to the adopted path deflection criterion; the second, with the conditions 
leading to the experimentally observed propagation of shielded cracks along a bifurcated path.
6The performed FE analyses are based on the general-purpose software ANSYS, version 10.0 
[35]. Two-dimensional models were built using re-meshing schemes around straight or deflected 
propagating cracks. Parametric quarter-point elements [36] in spider-web configurations were 
found to be excessively distorted in preliminary simulations of three-point bending tests under 
high loads. For this reason, a blunted tip [37] modelled as a semi-circle of very small radius
(around 0.1 ?m), as shown in Fig. 1, was adopted for predicting reliably large crack tip 
deformations. The typical element size around the blunted tip was about 10 nm, which can be 
compared to the overall dimensions of the models described in the subsequent sections to 
provide an idea of the degree of mesh refinement. Relevant stress and displacement values were 
read relative to a local polar frame of reference with origin at the centre of the semi-circle. True 
stress-true strain curves represent the plastic behaviour of the layers beyond the proportional 
limit. The compliance matrix is re-calculated after each convergence iteration in the solution 
process to account for the effect of large deformations observed in tests. 
Compared to the J integral, the CTOD is a less ambiguously defined and more easily 
computed CDF parameter for cracks propagating through layers of different elastic as well as 
plastic properties under LSY conditions. The CTOD is also theoretically better suited for 
characterising cyclic loading in the context of a fatigue crack propagation law. Another 
advantage of CTOD is its direct computation from FE displacement results. The CTOD was 
measured as the relative displacement of two nodes placed at the two ends of the blunted tip
semi-circle, as shown in Fig. 1. A similar measurement has been reported from fatigue 
experiments on ductile materials [38, 39].
73. Path Deflection Criteria
The aim of the present study is crack growth assessment based on CTOD estimates, but also 
the investigation of crack deflection as a consequence of shielding due to the layered 
architecture. A criterion based on crack tip opening and shear displacements may not be the most 
appropriate for assessing the direction of crack deflection under LSY. It was thought, therefore, 
essential at this stage to examine the validity of the various crack deflection criteria that have 
been proposed in the literature through their implementation in FE analyses that simulate the 
mixed-mode fracture and fatigue experiments performed by Mageed and Pandey [33].
Mageed and Pandey tested 2024-T3 aluminium plates under tension with centre cracks at
various angles to the loading axis to study the initial direction of the deflected crack under the 
generated mixed-mode loading conditions. Plates with initially straight 9-mm cracks at 
inclination angles ? of 30º, 45º, 60º and 75º, measured from the axis normal to the loading 
direction, were tested under a cyclic tension ranging between 18 and 92.5 MPa. The specimen 
thickness, length and width were 1.27 mm, 250 mm and 180 mm, respectively. The Young’s 
modulus, Poisson’s ratio, yield stress, ultimate stress and elongation to fracture of the material 
were reported as equal to 73.1 GPa, 0.33, 370 MPa, 440 MPa and 11%, respectively. A true 
stress-true strain curve that fitted these data was constructed and entered into the FE model. A 
schematic view of the simulated arrangement is given in Fig. 2.
The applied crack deflection criteria were those based on the maximum tangential stress 
(MTS) [40], maximum tangential strain (MTSN) [16, 17], maximum principal stress (MPS) [41], 
maximum principal strain (MPSN) and crack tip displacement vector (CTDV) [15]. It should be 
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loading. Rather than relying on stress intensity factor calculations, the implementation of MTS 
and MTSN in this study was based on nodal FE results obtained around the blunted crack tip (see 
Fig. 1). The MPS, MPSN and CTDV criteria were implemented in a similar manner. The 
required parameters for each criterion were estimated at 5º intervals. Quadratic interpolation 
through these values provided a more precise estimate of their maximum as well as the 
corresponding deflection angle ?.
The successful simulation of these experiments was based on modelling schemes identical to 
the ones described in Section 2, also used at later stages. Plane stress conditions were assumed 
due to the small thickness of the specimens. The FE predictions for the deflection angle ? are
presented together with the experimental measurements in Fig. 3 for the four inclination angles ?
of the remote tensile stress of 92.5 MPa relative to the crack opening direction. Around a blunted 
crack tip, the tangential stresses and strains coincide with their respective principal values; it was 
therefore expected that MPSN and MPS would give results identical to those obtained using 
MTSN and MTS, respectively. 
The deflected direction of propagation under applied tension at 30º to the crack opening 
direction, which corresponds to the most mode-I dominant loading conditions considered, is
consistently predicted by CTDV and MTSN criteria and these predictions are in good agreement 
with the respective experimental result. The agreement of MTSN predictions with experimental 
results is slightly reduced with increasing crack inclination angle ? while those based on CTDV 
follow an opposite trend. The MTS criterion appears to underestimate initially the deflection 
9angle but its predictions become more consistent with those of MTSN as the inclination angle 
increases. The FE analyses were repeated under the minimum applied tensile stress of 18 MPa 
and, in the case of MTSN and CTDV, the respective deflection angle predictions were slightly 
greater (by around 4%) than those obtained under maximum load. The MTS criterion led to 
identical results under both load levels. 
The main conclusion from the results above is that, under conditions of extended plasticity, a
strain-based approach provides estimates of crack deflection angles more consistent with 
experimental evidence than those obtained using a stress-based criterion.  For this reason, the 
MTSN criterion is used in subsequent stages of this study in order to assess the direction of 
propagation. It is expected that crack propagation would occur along a direction bounded by the 
deflection angle estimates obtained at the maximum and minimum load. Since however, the 
difference between these two values was found to be small, the analysis per crack increment will 
be performed only under maximum load thus saving computational effort and time. The 
application of MTSN criterion will be monitored so that it is limited to mode-I dominant, mixed-
mode loading for which the crack deflection estimates were found to be most reliable.
4. Straight cracks
The evolution of CTOD for straight cracks of variable length as the crack tip approaches a 
stiffer or more compliant layer is studied in bi-layer and tri-layer architectures under three-point 
bending. The applied load was varied to cause different extents of plasticity in the analysed 
material system. In parallel to the investigation of conditions around the crack tip that may cause 
10
path deflection or bifurcation, initial estimates of the most likely direction of propagation were 
also obtained.
The tri-layer architecture of a recently tested flat bearing strip [42] was analysed. The test 
arrangement is schematically drawn in Fig. 4. The specimen consisted of a backing steel layer of 
thickness tb = 1.80 mm, a lining aluminium alloy layer of thickness tL1 = 0.38 mm and an 
aluminium foil interlayer of thickness ti = 0.04 mm. The bi-layer model was a hypothetical one 
consisting of the same backing layer as that of the tri-layer model and an aluminium alloy lining 
layer of thickness tL2 = tL1 + ti = 0.42 mm. The strip had a width w = 19.5 mm and length 
between supports L = 40 mm. Two-dimensional models assuming plane strain conditions were 
developed in ANSYS using second order elements and a multi-linear hardening material model.
A typical FE mesh comprised around 15,000 nodes; the degree of refinement around the crack 
tip is clearly illustrated in Fig. 1. Based on experimental observations as well as preliminary 
numerical tests, LSY conditions predominate at the higher range of the applied loads; therefore
the mechanical properties of each layer material are entered in the form of the true stress-true
strain curves of Fig. 5. The Young’s modulus E, Poisson’s ratio ?, yield stress ?Y, ultimate stress 
?u and hardening exponent n associated with these curves are listed in Table 1.
The variation of normalised CTOD with crack length in both the bi-layer and tri-layer systems
under 3 levels of loading is shown in Fig. 6. In this as well as all subsequent graphs, the CTOD 
results are plotted against the ratio of the crack length a to the lining thickness tL2 of the bi-layer 
system. The shielding and amplification trends observed in Fig. 6 are consistent with those 
reported in similar previous investigations based on J-integral estimates of systems with 
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principally plastic [9] but also elastic [1, 43] mismatch. In the bi-layer architecture, the shielding 
effect is indicated by the decrease in CTOD as the crack approaches the stiffer steel layer. In the 
tri-layer architecture, the amplification effect is noted when the crack approaches the more 
compliant interlayer, and the shielding effect when the crack approaches the stiffer backing. The 
application of higher loads and subsequent spread of plasticity led to greater mismatches 
between layers, which caused increased CTOD gradients and therefore more pronounced 
shielding and amplification at lower crack lengths [43]; in contrast, the spread of plasticity into 
the backing layer of the bi-layer strip at the highest load reduced the mismatch between the 
layers and, as a consequence, shifted the CTOD maximum closer to the aluminium/steel 
interface.
The evaluated crack tip tangential strains (CTTS) showed different patterns depending on the 
applied load, crack length, layer in which the crack tip is located and architecture analysed. At 
crack lengths below 0.45tL2 and 0.54tL2 in the bi-layer and tri-layer strips, respectively, the CTTS 
had a clear maximum (MTSN) when plotted against the angular position around the blunted tip;
this clearly indicated the normal to the interface as the preferred direction of propagation as 
observed experimentally. The dependence of CTTS curves on crack length is shown in Fig. 7 for 
the bi-layer strip under maximum load P = 800 N. The maximum tangential strain is clearly 
identified for low crack lengths but as the crack approaches the backing layer, the existence and 
location of a CTTS maximum becomes less obvious. This is the first indication that the shielded 
crack may follow a deflected or bifurcated path.
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The CTOD as CDF parameter is thus shown to be well suited for investigating crack shielding 
and amplification in multi-layered systems under LSY conditions. The results obtained with
CTOD are consistent with those previously published [9-11, 44], despite using a different CDF 
parameter. The results for CTTS are also interesting since they hint at possible crack behaviour 
as the crack tip approaches a layer interface.
5. Deflected cracks
The development of a suitable criterion to forecast the potential for crack bifurcation in 
layered ductile materials remains an important analysis objective. Such criteria were proposed by 
Ho et al [45] and extended by Lugovy et al [18] for brittle multi-layered systems under 
significant residual stresses. They were based on the material stiffness, Poisson’s ratios and 
critical stress intensity factors, that is, on concepts that have no relevance to the LSY problems 
under consideration. As indicated in the previous section, the application of a MTSN-based
deflection criterion is not only reliable but also far more appropriate.
5.2 Single deflected crack path
Shielding and amplification effects as the tip of a straight crack approaches either a stiffer or a
more compliant layer have been previously identified through the evolution of CDF adopted by 
various investigators. However, the consequences of shielding, considering the possibility of 
path deflection, have not been studied to great depth. Deflected crack propagation is here studied 
in both the bi-layer and tri-layer architectures described in Section 4. The initial flaw was again 
placed at the centre of the specimen surface as observed experimentally under three-point 
bending (see Fig. 4). Two different load magnitudes, P = 200 N and P = 800 N, were applied
causing moderate and large-scale yielding, respectively. The inclusion of path deflection in the
modelling of the crack extension process was carried out through a re-meshing scheme linked to 
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the estimated evolution of the crack driving force and the maximum tangential strain criterion 
[16]. This process creates short crack extensions along the predicted direction according to the 
near-tip state of stress at the previous step; the re-meshing scheme described by Colombo and 
Giglio [27] was adopted. The concatenation of short crack extensions forms the path along which 
the values of the crack driving force are obtained. 
Results from the tri-layer architecture indicated distinct trends of crack propagation in 
different layers. At both load levels applied, the crack growth direction within the lining 
remained unaffected as the crack tip approached the more compliant interlayer. CTOD increased 
with crack extension as previously observed with stationary straight cracks (see Fig. 6). The 
curvature of the CTTS curves became slightly smaller at maximum as the tip approached the 
compliant interlayer, especially at the upper load level.  However, the maximum CTTS value 
(MTSN) could still be identified as the one forecasting a straight crack path normal to the 
interface.
As soon as the tip penetrated into the interlayer, it was not possible to identify a single 
maximum along the obtained CTTS curves; the extent of this curve flattening depended on the 
applied load. This meant that almost identical CTTS values emerged symmetrically located with 
respect to the original direction of propagation corresponding to polar angle ? = 0º. Despite the 
small variation of CTTS within a wide range of polar angles, an MTSN value was numerically 
identified at ? = 16.4º. It was assumed that a small deviation from loading or geometric 
symmetry would cause the crack to deflect at this angle, which was thus used to define the 
orientation of the introduced short kink. This initial extension was followed by smaller 
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subsequent deflections so that the crack path approached asymptotically the interlayer-backing 
interface as shown in Fig. 8. The CTTS variation along the blunted crack tip at various deflected 
crack extensions is plotted in Fig. 9. It is interesting to notice that the MTSN becomes 
progressively more distinguishable and uniquely identifiable immediately after the first 
deflection.
The CTOD estimates obtained from the straight stationary and incremented deflected cracks 
as well as the accumulated deflection angle in the interlayer are presented in Fig. 10 for P = 200 
N. This figure clearly shows that the predicted CDF is greater in the deflected than in the straight
path, a result consistent with the principle of crack propagation in the direction of least 
resistance, corresponding to maximum CDF [46]. Similar path deflections in the interlayer were 
predicted by the analysis performed under P = 800 N. Apart from the expected increase in CDF 
estimates, the main difference was a more pronounced initial deflection.
Crack deflection in the bi-layer system was found to be influenced to a greater extent by the 
intensity of the applied load. For P = 200 N, initial 1º-deflections appeared very close to the steel 
layer (at a = 0.95tL2); in contrast, an equivalent deflection appeared at a = 0.61tL2 for P = 800 N. 
The CDF estimates in the bi-layer system were also slightly greater along the deflected than the 
straight path at both load levels, in qualitative agreement with the findings from the tri-layer 
architecture.
Previous works on shielding and anti-shielding in layered architectures have usually explained 
these phenomena in terms of differences between the materials’ yield stress. However, the yield 
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stress may be considered as reflecting only partly material influence since it is not fully 
responsible for the post-yield deformation and the state of stress. An additional factor would be
the difference between the materials’ strain hardening rate represented by the gradient of the ?-?
curves since this is also directly related to the material resistance to deformation. Such a relation 
is simple when elastic analyses are carried out. Nevertheless, elasto-plastic analyses result in a
widely ranging gradient depending on the stress concentration patterns developing around the 
crack tip.
It has been shown that a single-tip deflected crack path is possible despite the absence of far-
field mixed-mode loading. It is worth noting that the maximum CTTS value (MTSN), according 
to which crack path deflection is predicted, is essentially reached over a wide range of direction 
angles, depending on crack tip proximity to the interface and the intensity of the applied load. 
This indicates a high sensitivity of the propagation process to heterogeneities in the material that 
are likely to disturb the perfect symmetry of the problem and thus initiate deflection. This 
sensitivity is reduced as the deflected crack propagates away from the plane of symmetry
gradually reaching a more stable state.
The assessment of crack path sensitivity to a perturbation is limited by the uncertainty about
which side to the symmetry plane deflection would occur on but it is expected that the 
dominance of the far field loading conditions would lead to consistent outcomes whatever the 
direction of an introduced perturbation. This hypothesis was tested by introducing an arbitrary 
initial deflection at 30º to the straight crack path both in the lining and the interlayer. In both 
cases, the perturbed crack path gradually approached and then, after 3 or 4 cycles, followed the 
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deflected crack path predicted from an initial kink angle corresponding to maximum CTTS. The 
quick re-alignment of the path showed the predominance of far-field loading and specimen 
properties over the effect of a local perturbation in this particular example.
Crack deflection has been linked to service life extension through the lengthening of the crack 
path and the concomitant reduction of CDF along the deflected path.  Material homogeneity has 
been assumed in this work focusing on the mismatch between layers in the architecture. Material 
microstructure has been overlooked but this heterogeneity may lead to a more tortuous crack 
path and thus extend the crack length further. Such a combination of global and local deflections 
has been observed in flat strip specimens under three-point bending tests [2].
5.3 Bifurcated crack path
Crack path bifurcation has been observed experimentally [2, 21-23], it is therefore important 
that this possibility be investigated analytically as well. The aim of numerical analysis at this 
stage would be to show that conditions favouring bifurcation may develop in bi-layer and tri-
layer systems under fatigue loading. The location of the bifurcation point and subsequent crack 
growth are complex materials issues that require further study, beyond the scope of this paper.
Crack bifurcation in automotive bearing systems has been linked to shielding as the crack 
approaches a stiffer layer [2]. Based on such observations, bifurcation was investigated in the 
lining of the bi-layer system and the interlayer of the tri-layer system. Conditions for bifurcation 
initiation were studied by focusing on the effect of the straight crack length as well as 
incremental kink angle and length on the CDF at the onset of bifurcation. Taking advantage of 
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the symmetry of the problem, only half of the strip specimen was modelled and analysed as
shown in Fig. 11.
In order to assess the initial bifurcation conditions, a parametric study was performed 
involving bifurcated crack kinks of length between 1% and 5% of the thickness of the layer
containing the crack tip. The results from both layered systems showed that for any given 
location of the bifurcation point relative to the interface there exists a kink angle that maximises 
the CDF, which can be interpreted as the most likely deflection direction. The variation of kink 
length within the limits mentioned above did not have any significant effect on the predicted 
deflection angle. The CDF estimates obtained in the case of the tri-layer architecture are shown 
in Fig. 12. A gradual shift of the maximum to greater kink angles can be observed as the 
bifurcation point approaches the interface. The last case analysed, corresponding to a straight 
crack length of 0.993tL2, results in a steep increment of the predicted deflection angle. This 
confirms the strong shielding effect of the stiffer and harder steel layer, which forces the crack to 
propagate parallel to rather than through it. In contrast, there is no emphatic propensity for the 
crack tip to deflect within the lining as indicated by the CTOD curve obtained for a = 0.8tL2. In 
the case of the bi-layer model, the possible initial bifurcation angle can be obtained from Fig. 13, 
which shows that it increases gradually from 0? to around 45? for straight crack lengths ranging 
from 0.3tL2 to 0.95tL2, respectively. 
As noted with the single path deflection presented in the previous section, the location of the 
bifurcation point also influenced the magnitude of CDF estimates showing shielding effects 
associated with proximity to a stiffer layer. Due to the thinness of the interlayer, shielding in the 
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tri-layer architecture was observed as soon as the bifurcation point crossed into the interlayer
while shielding in the bi-layer architecture became apparent only after the straight crack length 
grew above 0.7tL2. The variation of the CTTS estimates around the blunted crack tip of straight 
stationary cracks also indicated a trend for crack bifurcation since they displayed maxima away 
from the straight crack direction. The kink angle corresponding to such a maximum can be 
selected as a possible initial deflection angle for the following rough analysis of bifurcated 
branch growth.
Figs. 12 and 13 show that the CDF predictions for different initial crack bifurcations depend 
greatly on the kink angle, showing a clear maximum value. The kink angle corresponding to this 
maximum value rises as the bifurcation point approaches a stiffer layer. The predicted direction 
of the bifurcated path depends on the extent of property mismatch and the proximity of the crack 
tip to the layer interface, as reported previously by Joyce et al [1]. In this earlier work, the kink 
angle corresponding to the maximum CDF, represented by the J-integral, reached the value of 
90º. Using MTSN as the deflection criterion did not lead to path deflections of such a magnitude. 
This may be due to an inherent limitation of the MTSN criterion to predict significant changes in 
path direction; its suitability needs, therefore, to be investigated further. It is also worth 
mentioning that the steel backing was assumed elastic by Joyce et al, while here plastic 
deformation was allowed to develop when the load reached a certain value. The proximity of
MTSN and MTS predictions for higher mode mixing, manifested in Fig. 3, points to the work of
Li et al [47], who discussed the limitations of the MTS under dominant mode-II loading and 
proposed that the maximum shear stress may be a more appropriate criterion for crack growth
under such a high load mixity condition.
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The computation of the CTOD is an area where improvements in the adopted methodology 
can be made since large shearing deformations distort the crack tip elements significantly leading 
to underestimation of the actual CTOD value. A systematic use of multiple nodes along the crack 
faces may be a feasible option for obtaining more reliable estimates of crack opening and sliding 
displacements under mode II-dominant loading conditions.
The extension of the analysis to the prediction of bifurcated crack growth requires careful 
examination of the material and loading conditions encouraging such an event. While single tip 
deflection under mode I far-field loading can be micro-structurally induced [48], crack branching 
is possible only if available crack extension energy momentarily far exceeds material resistance, 
as happens, for instance, in the case of overloading [44]. This explains the reported bifurcation 
events within the interlayer of tri-layer systems during previous experimental investigations on 
the fatigue performance of bearings [2]. The sharp increase in CDF noted in Fig. 6 as the crack 
approaches the lining-interlayer boundary is followed by a sudden drop in material resistance as 
soon as the crack crosses that boundary. It is therefore important for a numerical model of 
bifurcated crack growth to account for such material changes as well as the possibility of 
subsequent asymmetric crack growth.
6. Discussion and Conclusions
The present study does not include the effect of residual stresses that arise from 
manufacturing processes, cycling loading, interacting micro-cracks, or crack closure during 
crack growth. It has been shown that the use of CTOD as CDF is well suited to the study of 
crack growth and deflection under LSY conditions leading to trends consistent with those of 
previously published investigations on shielding and amplification in multi-layered systems. It 
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has been implicitly assumed that the adopted CDF parameter is proportional to crack growth rate 
as suggested by Tomkins [49].
The adopted methodology for studying in detail the stress and strain fields around the crack 
tip and their interaction with the layers interfaces appears to be an effective tool for modelling 
growth of deflected cracks under LSY conditions. However, the complexity of mesh generation 
and the large number of degrees of freedom required inhibit the applicability of this methodology 
to the analysis of problems with multiple cracks; the need for advanced modelling skills to 
generate automated crack extension steps and the considerable computational cost involved has 
led to the application of alternative techniques such as meshless methods and X-FEM. These 
methods appear to be particularly convenient for two-dimensional analyses within LEFM.  Their
applicability to large deformation problems in the context of EPFM and to three-dimensional 
analyses has been tested to a certain degree.
The estimated path for propagating deflected cracks is consistent with experimental results
predicting path alignment with the interface; this gives confidence in the validity of the 
deflection criterion and its implementation. The inclusion of the elasto-plastic behaviour of the 
materials in the FE modelling has a significant effect on the results of the analysed problem due 
to the extent of plasticity observed around the crack tip and the kinematic constraint imposed by 
the stiff backing layer.
The stationary and propagating straight crack analyses show that the CTTS patterns may be 
related to single-tip deflection and bifurcation events caused by the property mismatch between
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layers and such events may occur despite far-field pure mode-I loading conditions. The observed 
spread of maximum CTTS values indicates a tendency of the crack to deviate from its original 
straight path reducing the influence of the symmetric far field loading conditions and increasing 
the effect of local random material microstructure. A more rigorous micro-mechanical analysis is 
necessary to support this hypothesis and provide definitive conclusions; however the results of
this investigation can be considered a sound basis for further work.
The analysis of deflected cracks showed that such a scenario could occur in flat strip 
specimens under three-point bending tests. Microstructural features and mechanisms were not 
included in these analyses directly. The presented methodology addresses these issues from a 
continuum perspective and can be applied to the determination of the service life of a given 
component only when it is, at least, combined with both the crack growth law and the crack 
growth resistance fitted to reliable experimental data.
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Tables 
 
Table 1 Material properties for the three layers of the flat strip bearing system 
Layer E 
(GPa) 
?? ?Y 
(MPa) 
?u 
(MPa) 
n 
Lining 70 0.33 53 166 0.238 
Interlayer 67 0.33 35 78 0.19 
Steel 200 0.3 460 512 0.058 
 
 
Tables & Figures
Figure captions 
Figure 1. Finite element model of blunted crack tip before and after deformation. 
Figure 2. Schematic of the model simulating test arrangements by Mageed and 
Pandey [33]. 
Figure 3. Crack deflection predictions with corresponding fatigue test results [33] at 
92.5 MPa. 
Figure 4. Three-point bending and test specimen configuration. 
Figure 5. True stress-true strain curves for the three-point bending model. 
Figure 6. CTOD evolution with crack length in bi-layer and tri-layer systems. 
Figure 7. Tangential strain variation around the crack tip at various crack lengths in 
the bi-layer system. 
Figure 8.  Predicted crack path within the soft interlayer of the tri-layer system. 
Figure 9.  Evolution of CTTS curves with crack extension steps. 
Figure 10.  Comparison of CDF(CTOD) evolution along straight and deflected paths 
in the tri-layer system under P = 200 N. 
Figure 11.  Model with bifurcated crack with relevant notation. 
Figure 12.  Variation of CDF (normalised CTOD) with kink angle in the tri-layer 
architecture. 
Figure 13.  Variation of CDF (normalised CTOD) with kink angle in the bi-layer 
architecture. 
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